Starting with a bare nucleon-nucleon interaction, for the first time the full relativistic BruecknerHartree-Fock equations are solved for finite nuclei in a Dirac-Woods-Saxon basis. No free parameters are introduced to calculate the ground-state properties of finite nuclei. The nucleus 16 O is investigated as an example. The resulting ground-state properties, such as binding energy and charge radius, are considerably improved as compared with the non-relativistic Brueckner-Hartree-Fock results and much closer to the experimental data. This opens the door for ab initio covariant investigations of heavy nuclei.
Ab initio calculations, i.e., the proper description of finite nuclei with a bare nucleon-nucleon (N N ) interaction adjusted only to the scattering data of free nucleons, form a central problem of theoretical nuclear physics since the middle of last century. These realistic N N interactions are characterized by a repulsive core at short distance [1] , a strong attraction at intermediate range, and are dominated by one-pion exchange at large distance [2] . Many methods have been proposed in the past to treat their singular behavior, such as Brueckner theory [3, 4] and variational methods [5, 6] . Recently with the great progress of the high-precision N N interactions, such as Reid93 [7] , AV18 [8] , CD Bonn [9] , and chiral potentials [10, 11] , and with increasing computer technology, more and more ab initio methods have been developed to study the nuclear many-body system, e.g., the Green's function Monte Carlo method [12] , the self-consistent Green's function method [13] , the coupledcluster method [14] , the lattice chiral effective field theory [15] , and the no-core shell model [16] .
It has been found rather early that all the nonrelativistic potentials systematically failed to reproduce the saturation properties of infinite nuclear matter in ab initio calculations. The saturation binding energies and corresponding densities obtained with various forces are distributed on the so-called Coester line [17] , which bypasses the experimental area considerably. Therefore, it has been concluded that the bare three-body force plays an essential role in the nuclear many-body problem [18, 19] , and all the modern non-relativistic investigations use such phenomenological terms. In this way, one was able to reproduce the saturation properties of nuclear matter [20] and the ground-states and a few excited states of light nuclei [21] . However, these calculations require extreme computational efforts and are very difficult to extend for heavy nuclei.
On the other side it is known since more than 30 years that relativistic Brueckner-Hartree-Fock (RBHF) [22] [23] [24] theory has no problems to reproduce empirical saturation data, even without three-body forces. This method is based on relativistic Hartree-Fock calculations with an effective interaction, the G-matrix [3] . It describes the scattering of two particles in the nuclear medium and is derived from the solution of the Bethe-Goldstone equation [25] . It depends, in a self-consistent way, on the density and therefore, in finite nuclei, on the position of the interacting particles. Non-relativistic BHF theory has been applied to study finite medium mass nuclei in the 1970's [26] with different N N interactions. Because of the missing three-body interaction, however, these applications have not been very successful.
Inspired by the success of relativistic Brueckner theory in nuclear matter [22] [23] [24] , it is a natural extension to study finite nuclei in the same framework. Nevertheless, in the eighties, this was a formidable task and different approximations have been adopted. Müther, Machleidt, and Brockmann applied the effective density approximation (EDA) [27, 28] , where non-relativistic BHF equations were solved and relativistic effects were taken into account using the effective mass derived from from RBHF calculation in nuclear matter. Later on, the local density approximation (LDA) was introduced by mapping the density-dependence of the G-matrix in nuclear matter to effective interactions used in density-dependent relativistic Hartree and Hartree-Fock (DDRH/DDRHF) calculations (see Refs. [29] [30] [31] and references therein). However, as discussed in detail in Ref. [32] this mapping is not unique and therefore different approximations lead to rather different results. A self-consistent study for finite nuclei is highly demanded. See the Supplemental Material for the different results obtained within these frameworks.
In this Letter, we report the first self-consistent RBHF study for finite nuclei with a realistic N N interaction, avoiding the EDA and LDA approximations. The BetheGoldstone (BG) and relativistic Hartree-Fock (RHF) equations are solved simultaneously within a DiracWoods-Saxon (DWS) basis [33] , a basis of the eigenfunctions of a Dirac equation with scalar and vector potentials of Woods-Saxon type in a spherical box of finite size.
Hartree-Fock theory in finite nuclei [34] can be solved in r-space or in a discrete basis space characterized by the quantum numbers i, j:
Here D ia are the expansion coefficients of the eigenstate |a = i D ia |i in terms of the DWS basis states |i . t = α · p + βM is the kinetic energy in the relativistic case,
′ is the anti-symmetrized matrix element of the interaction V , and ρ j ′ j is the density matrix element related to the expansion coefficients:
where the index c runs over all the states in the Fermi sea (ε c ≤ ε F ). In the relativistic case the vacuum polarization, i.e. the sum over the states in the Dirac sea, is usually neglected in the framework of the no-sea approximation. In Brueckner-Hartree-Fock theory, the interaction V in Eq. (1) is replaced by the G-matrix. It describes the scattering of two nucleons in the nuclear medium and depends on the starting energy W , i.e. on the energy of the two incoming particles. The G-matrix sums up all the ladder diagrams with two particles in the intermediate states and is deduced from the Bethe-Goldstone equation [3, 35, 36] :
Here V is the bare nucleon-nucleon interaction and the intermediate states m, n run over all states above the Fermi surface with (ε m , ε n > ε F ). This involves the calculation of the Pauli operator
The single-particle energies ε a in the denominator of the BG-equation (3) and the single-particle wave functions (expressed by the coefficients D ia ) in the Pauli operator are determined by the equation of motion for the nucleons, i.e. by the solution of the RHF-equation
It depends on the G-matrix and therefore on the solution of the BG-equation (3). Therefore the BG-equation (3) and the RHF-equations (5) form a complicated system of coupled equations which has to be solved by iteration. After convergence we have a self-consistent solution with single-particle energies and wave functions. We are thus able to evaluate the ground-state energy of the finite nucleus
where the indices c and c ′ run over all the occupied states in the Fermi sea of the self-consistent potential. We also can calculate the expectation values of single-particle operators such as nuclear rms radii r 2 1/2 for protons and neutrons.
We solve the RHF equations (5) in a Dirac-WoodsSaxon basis [33] . We confirmed the validity of this RHF code in the DWS basis by comparing its results for the ground-state properties of 16 O with those of other RHF-codes in the oscillator basis [37] and in coordinate space [38] .
The BG equation (3) is solved by matrix inversion [39] in the space of pair states |ab . These are pairs of Diracspinors with the full relativistic structure coupled to good angular momentum J (particle-particle (pp) coupling). The indices a and b run over all solutions of the Dirac equation (with positive and negative energies). The BGequations are solved for each value of J. This leads, for the various J-values, to a set of pp-coupled matrix elements of the G-matrix. The particle-hole (ph) coupled matrix elements of the G-matrix with I = 0 needed for the solution of the RHF equation (5) in the next step of the iteration are obtained by recoupling. The Pauli operator (4) and all its relativistic structure is here fully taken into account. In particular there is no angle averaging [40, 41] involved as it is the case in most Brueckner calculations in nuclear matter. Of course, in agreement with the no-sea approximation, the sum of the intermediate states |mn in Eq. (3) does not include scattering to states in the Dirac sea.
In practice there are several problems. First, the Gmatrix used in the RHF-equation (5) depends on the energy. As it turns out this energy dependence is not uniquely defined. Several choices have been used in the literature [35, 42] . We use here the so-called continuous choice for the evaluation of the mean potential as described in Eq. (1) of Ref. [43] . The BG equation (3) is solved for four different starting energies, and the Gmatrix elements for the various starting energies required in this choice are obtained by interpolation [43] .
Second, the Pauli operator in Eq. (3) is obviously defined in the basis, in which the Dirac field of RHF equation (5) is diagonal. This requires, in each step of the iteration, a transformation of the basis and is connected with a considerable numerical effort. Therefore we adopt in this investigation a further approximation: assuming that the wave functions in the Pauli operator (4) are close to those of the original DWS basis, we evaluate the BG equation in this fixed basis. In the denominator of the BG equation (3), however, we have the starting energy W , i.e. the energy of the two incoming particles before the scattering process and the energy ε m + ε m of the particles afterwards. We use in all these cases the self-consistent single-particle energies of the corresponding RHF-potential with the same quantum numbers (ℓj) and with the same number of radial nodes.
As an application we consider the nucleus 16 O. We use the realistic N N interaction Bonn A which has been adjusted to the N N scattering data in Ref. [2] . This is a relativistic two-body potential based on the exchange of the six mesons σ, ω, ρ, π, η, and δ, whose masses are less than 1 GeV with monopole form factors. The potential for the DWS basis is taken from Ref. [44] . In addition, the Coulomb exchange term is taken into account through the relativistic local density approximation of Ref. [45] . The microscopic center-of-mass correction −P 2 /2AM is included in the total energy and, as in the density functional SLy6 of Ref. [46] , it has been taken into account in the iterative solution of the RHF equation. It is well known that the bare N N force contains a strong tensor part connecting the nucleons in the Fermi sea to states with high momenta in the continuum. In order to take this coupling fully into account one needs a relatively large basis and it is crucial to investigate the convergence of the RBHF calculation with the size of this basis. Therefore we show in Fig. 1 the resulting total energy and charge radius of 16 O as functions of the cutoff energy ε cut . The cut-off energy means that for each (ℓj) value all the single-particle states with ε i ≤ ε cut are taken into account in the DWS basis. With increasing ε cut the energy and the charge radius of 16 O decrease. We find satisfying convergence for ε cut = 1.1 GeV with E = −120.7 MeV and r c = 2.52 fm. Therefore, in the following, this value will be used.
The ground-state properties of 16 O are listed in Table  I : the total energy E, the charge radius r c , the point matter radius r m , and the proton spin-orbit splitting for the 1p shell. The results of our full RBHF calculation are compared with the corresponding experimental data [47] [48] [49] and with several other calculations: BHF is a non-relativistic Brueckner calculation [28] based on the interaction Bonn A. We also show results obtained in RHF-calculations with the phenomenological effective interaction PKO1 [38] , which has been fitted to binding energies and charge radii of a set of spherical nuclei. It is seen that the ground-state properties in RBHF theory are improved considerably as compared with the nonrelativistic results. The deviation from the experimental [28] , in RBHF with LDA (DDRH and DDRHF) [54] ; with N 3 LO in NCSM [51] and the CoupleCluster method (CC) [52] ; with PKO1 in CDFT [38] .
values have been decreased from 18% to 6% in the case of the energy and from 16 % to 7 % in the case of the charge radius, which is consistent with the conclusions in the infinite nuclear matter [50] . This energy of 16 O is also very close to the value of E = −119.7 MeV obtained within the No Core Shell Model (NCSM) using the chiral N N interaction N 3 LO [51] and to the value of E = −121.0 MeV obtained within the Coupled Cluster (CC) method [52] . The spin-orbit splittings in RBHF theory is only slightly smaller than the experimental data. For the 1p proton shell we have a deviation of about 5%. Of course the results of the calculations with PKO1 which has been fitted to these data shows only a very small deviation of 0.5 % for the energy, of 1.6 % for the radius and the spin-orbit splitting.
Next we compare in Fig. 2 our self-consistent results in finite nuclei with those obtained in Ref. [54] by two "ab initio" calculations based on the LDA. There the full RBHF equations are solved for nuclear matter at various densities and the corresponding scalar and vector selfenergies are derived. Then density-dependent coupling strengths for the exchange of various mesons in a relativistic Hartree (DDRH) or a Hartree-Fock (DDRHF) model have been adjusted to these results. In this case it is possible to investigate finite nuclei in an ab inito approach without any phenomenological parameters.
The results of these calculations based on the LDA also listed in the 4 th and the 5 th rows of Table I . The charge radii are rather well reproduced in these local density approaches. These values are considerably closer to the data than our calculations. There is, however, a considerable difference in the total energy between Hartree and Hartree-Fock results. DDRH shows 17 % underbinding as compared with the experimental value. The Fock-term overshoots and shows a 12 % overbinding. We have to keep in mind, however, that the methods connected with the LDA are always based on a mapping and there exist important uncertainties in this mapping, which deserve further investigations. The full solution of the RBHF equations in finite nuclei presented here is therefore very essential for comparisons in the future. The single-particle energy levels of 16 O for protons and neutrons obtained from the full RBHF calculation are plotted in Fig. 3 . They are compared with experimental data and (for the protons) with the results of nonrelativistic BHF calculations. It is clearly seen, that for protons and neutrons the p-levels are slightly too low as compared with the data. This can possibly be understood by the fact, that in all density-dependent meanfield calculations one finds a too large gap in the singleparticle spectrum at the Fermi surface. This seems to apply also for our results. In the present method we sum up only ladder diagrams and neglect more complicated configurations in the intermediate states, which lead to energy dependent self-energies and shifts of the singleparticle spectrum in the neighborhood of the Fermi sur-face [55] .
In summary, the full relativistic Brueckner-HartreeFock (RBHF) equations have been solved for the first time for finite nuclei in a Dirac-Woods-Saxon (DWS) basis. In each step of the iteration the matrix elements of the G-matrix describing the scattering in the finite nuclear medium are determined by the solution of the Bethe-Goldstone equations in the DWS basis of sufficient size with the single-particle energies of the corresponding self-consistent relativistic potentials. The relativistic structure of the two-body matrix elements as well as of the Pauli operator is fully taken into account. The only input is the bare N N -interaction Bonn A adjusted to the scattering phase shifts in Ref. [2] . No other parameter is used. Since nuclear matter calculations within the same framework produce results far away from the Coester line and close to the experimental values of saturation, we neglect at this stage three-body forces.
Modern non-relativistic BHF-calculations in nuclear matter include three-body forces and are therefore able to reproduce the right saturation properties [59] . An investigation of the microscopic origin of the various threebody terms [56] showed that below and around nuclear saturation density the three-body diagram with a NNpair in the intermediate state that is coupled by σ-mesons to the other two nucleons (the so-called Z-diagram), is able to reproduce to a large extent the total contribution of three-body forces. The other three-body diagrams cancel more or less in this density region. Therefore the successful description of nuclear saturation in relativistic Brueckner Theory is understandable, because it includes automatically the Z-diagram [32, 56, 57] . At the moment it is an open question, to what extend one needs in a relativistic description additional bare three-body forces.
As an example we consider the nucleus 16 O. We find convergence for a cut-off in the single-particle energy at ε cut ≈ 1.1 GeV. The resulting binding energy is in good agreement with state-of-the-art parameter-free ab initio calculations, but it still deviates by 6 % from the experimental value and the charge radius agrees with the experimental value up to 7 %. Also the spin-orbit splitting is well reproduced.
Despite the good agreement of these results, there is room for improvements. The RBHF-theory presented here is no exact solution of the nuclear many-body problem. So far, rearrangement terms are not taken into account and higher order diagrams in the hole-line expansion are not included. Those effects have been taken into account in some approximation in non-relativistic calculations [58] , but for relativistic theories they are left for future investigations.
On the other side, our method has the potential to investigate heavier nuclei, where exact solutions are impossible, in particular systems without spin saturation and with large neutron excess. In this case we hope to be able to gain a parameter-free, microscopic understanding of open questions in modern phenomenological density functional theories, such as their isospin dependence or the importance of the tensor terms [37] .
